Abstract: Diet has long been considered a risk factor related to an increased risk of cancer. This challenges us to understand the relationship between the immune system and diet when abnormal cells appear in a tissue. In this paper, we propose and analyze a model from the point of view of a person who follows a healthy diet, i.e., one correlated to the food pyramid, and a person who follows an unhealthy diet. Normal cells and immune cells are used in the design of the model, which aims to describe how the immune system functions when abnormal cells appear in a tissue. The results show that the immune system is able to inhibit and eliminate abnormal cells through the three following stages: the response stage, the interaction stage, and the recovery stage. Specifically, the failure of the immune system to accomplish the interaction stage occurs when a person follows an unhealthy diet. According to the analysis and simulation of our model, we can deduce that dietary pattern has a significant impact on the functioning of the immune system.
continuously, while some cells have particular functions in the body and do not usually multiply. Concerning the multiplication of cells, it is possible for them to multiply as many as 60 times before dying, as a result of the signals that control cellular growth and death [4, 5] . On the other hand, they can become damaged during the process of division, which can lead to self-elimination. This process is known as apoptosis and it protects the human body from cancer. Conversely, cell division is sometimes abnormal when there is damage during cell division, with very unique characteristics [3] [4] [5] . In such cases, the immune system reacts to protect the human body by preventing these cells from growing into a tumor [3] [4] [5] . Assessing modern lifestyles is the key to understanding the causes of the increasing rates of cancer. One of the disadvantages of the development of society is that dietary habits have changed to encompass more fast and processed foods. These types of foods have a higher calorie count, contain more protein, and have lower amounts of fiber and carbohydrates than healthy foods, which are rich in natural sources of vitamins and minerals and high in fiber and carbohydrates [6] . Studies have shown the increase in death rate associated with a diet based on animal products and a high intake of carbohydrates, and contrarily, how a vegetable-based diet and a low carbohydrate intake reduces the mortality rate. Furthermore, malnutrition debilitates the immune system and increases the mortality rate as well as elevating the risk of contracting NDCs [7] . It has been shown that only 5-10% of cancers occur as a result of internal factors such as inherited mutations, hormones, and immune conditions, and that 90-95% of cancers are due to lifestyle and environmental factors [8] . Dietary habits are one of the main factors related to the weakening of the immune system and the risk of cancer [9] [10] [11] [12] . From 1994, mathematical researchers started to formulate tumor-immune interaction models using the function of Michaelis-Menten [13, 14] . In 1995, Mayer and others proposed a basic mathematical model of the immune response by using two ordinary differential equations to describe the interaction between the immune system and a pathogen, such as a tumor cell or virus. Their model succeeded in illustrating that the combination of a few proposed nonlinear interaction rules between the immune system and pathogens is able to generate a considerable variety of immune responses, with many of them being observed both experimentally and clinically. Hence, the process of the interaction of the immune system with pathogens can be described dynamically [15] . In 2003, Magda Galach used the simplified model of Kuznetsov-Taylor and changed the Michaelis-Menten function using the Lotka-Volterra form [16] . Many models have used ordinary differential equations, partial differential equations, and delay differential equations to illustrate the growth of tumors and their treatments [17] [18] [19] . In the last few years, mathematical researchers have dynamically examined cancer risk factors and yet still have a great deal to uncover. Estrogen has been studied as a breast cancer risk [20] ; furthermore, Green and others studied the relationship between body mass index, menopausal status, estrogen replacement therapy and the risk of breast cancer [21] . In 2016, Roberto and others proposed an obesity-cancer model using ordinary differential equations to illustrate the association between obesity and cancer risk [22] . Additionally, they presented the effects of obesity on the optimal control program of chemotherapy. This model differs from that of De Pillis and Radunskaya [23] by adding a dynamic equation related to stored fat [24] . Other studies have presented models regarding drug therapy which contribute to decision making and early cancer treatment [25] . In 2018, Alharbi and Rambely suggested dynamically that switching back to a healthy lifestyle boosted the immune system in terms of inhibiting or eliminating a moderately abnormal cell [26] . Hence, the immune system has the ability to protect the human body from developing cancer.
In 1618, Thomas Adams stated that "Prevention is so much better than healing because it saves the labour of being sick" [27] . In this work, we propose and simulate the immune-healthy diet model (IHDM) based on the models of references [15, 26] using ordinary differential equations to study the behavior of the immune system when responding to the appearance of abnormal cells which fail to eliminate themselves. Usually, these types of cells do not need to be treated clinically. However, the appearance of abnormal cells in the tissue is considered as an emergency situation, with any progression being able to trigger the formation of tumor cells and the development of cancer. Therefore, most cancers develop as a consequence of multiple abnormalities, which accumulate over many years [5] . For instance, colon cancer has increased more than tenfold between the ages of 30 and 50, and tenfold again between 50 and 70 [28] .
We aim to enhance understanding of the symmetry and antisymmetry of the relationship between diet habits and the function of the immune system, raise awareness of healthy habits and promote healthy eating habits. In doing so, we hope that the results of this paper contribute to increasing awareness of cancer risk.
This paper is organized as follows. In Section 2, we present the IHDM and analyze the equilibrium points of the model and stability cases. In Section 3, we analyze the stability of the equilibrium points for the immune-unhealthy diet model (IUNHDM). The numerical simulation of the IHDM and IUNHDM are presented in Section 4. The conclusion is presented in Section 5.
The Immune-Healthy Diet Model (IHDM)
The immune system is very complex. One of its main functions is to recognize pathogens and to protect the body from developing diseases. However, the response of the immune system is affected by dietary habits, physical activity, stress, and sleep habits. A balanced diet and adequate intake of vitamins act to boost the immune system [29] .
Our model is composed of ordinary differential equations, and it supposes that the individual follows a healthy diet as per the food pyramid, which is shown in Figure 1 . This food pyramid follows recommendations from a report from the World Cancer Research Fund (WCRF) and the American Institute for Cancer Research (AICR), which recommends drinking water, eating a diet rich in wholegrains, vegetables, fruits, and beans, and having a lower intake of red and processed meats, as well as sugars and sweets [30, 31] . The IHDM is formulated into two main populations: normal cells and immune cells activated as a result of the inability of the abnormal cells to eliminate themselves automatically. According to a cell's life cycle, we formulated the first equation to describe the behavior of normal cells during the process of their dynamic division and growth and to consider that some cells might divide abnormally. In addition, the natural death of the normal cells where the elimination of these cells occurs by apoptosis was not considered. The dynamic process of the interaction between the immune cells with the abnormal cells is presented in the second equation. This considers abnormal cells in the primary stage, which is where most cancers develop as a consequence of multiple abnormalities accumulating over many years. At this stage, the immune system eliminates them from growing before they turn into tumor cells (by attacking and repairing processes).
The IHDM is given as follows:
with initial values N(0) = 1 and I(0) = [15] . The coexistence of abnormal cells stimulates the immune system to respond [20] . The rate of this response is represented by ρ and the parameter m represents the threshold rate of the immune system. The parameters η and µ display the interaction between the abnormal cells and immune cells. The ability of the immune cells to eliminate abnormal cells or inhibit them is given by parameter η, whereas the parameter µ illustrates the decreasing number of immune cells as a result of their interaction with abnormal cells. In the IHDM, the rate of the parameter η > µ represents the case where the immune system is strong and succeeding in performing its function and the person is following a healthy diet [29] . 
Equilibrium Points
In this section, we use nullclines from system (1) to compute the equilibrium points as follows:
We classify the equilibrium points according to their biological terms as the following:
1 Primary response stage: The immune system recognizes the appearance of abnormal cells in the tissue, immune cells start to grow, and N = 0; this point is given by p 1 = (0, σ δ ). 
), where 0 < β < 0.1.
Analysis Stability of Equilibrium Points
According to the concept of the Hartman-Grobman theorem, the hyperbolic equilibrium point in the neighborhood of a nonlinear dynamical system is topologically equivalent to its linearization. Therefore, the Jacobian of the nonlinear dynamic of (1) is computed as follows:
where
The stability cases according to the above equilibrium points are as follows:
1. Stability of primary response stage-p 1 : Under the hypothesis of the IHDM, the immune system is able to protect the human body from developing diseases. This means that it responds directly in cases of emergency such as the appearance of abnormal cells in the tissue. The Jacobian (2) at equilibrium point p 1 is computed as:
Proposition 1. Since the immune system is strong, the equilibrium point p 1 is a stable node.
Proof. From the Jacobian (3), the eigenvalues are given by
Hence, the equilibrium point p 1 is a stable node, see Figure 2 . , r η ), we compute the Jacobian (2) at this point as
Proposition 2.
There is an unstable saddle equilibrium point during the interaction stage.
Proof. From the Jacobian (4), the characterized equation is given by
We assume that C 1 =
y 2 ) > 0. Then, we rewrite (6) as follows:
Since, under the hypotheses of the IHDM, β → 0 at t → ∞, Equation (7) is computed as
Now, we apply the Routh-Hurwitz theorem for (8), giving
Since the first column has one sign change, the equilibrium point p 2 is an unstable saddle.
3. Stability of recovery stage-p 3 : According to the physiological process, the number of immune cells which are involved in the interaction starts to reduce automatically after inhibiting and eliminating the abnormal cells. Furthermore, the normal cells divide and grow, taking the place of the removed abnormal cells. To examine the stability of this point, we compute the Jacobian at
) as follows:
where z = β(δ + mµ − ρ) + mδβ 2 + βη(1 + mβ)σ > 0.
Proposition 3.
In the recovery stage, the system might to be stable.
Proof. The characterized equation of (9) is given by
To simplify, we let A = −rz+βη(1+mβ)σ z − z β+mβ 2 < 0, and (10) is rewritten as
where D = B − C 2 > 0. We apply the Routh-Hurwitz theorem for (11) to determine the sign of roots:
Since A < 0, the sign of elements in first column is positive and the equilibrium point p 3 is called a stable node point for the IHDM.
With reference to propositions (1,2,3) , we conclude this section with the following remark: Remark 1. The IHDM has the following properties:
•
The system has three equilibrium points; • The system has two equilibrium points which are stable nodes, which shows that the immune system plays a pivotal role in protecting the human body from diseases.
The system has only one equilibrium point which is an unstable saddle, which shows the interaction between the immune system and abnormal cells. 
Immune-Unhealthy Diet Model (IUNHDM)
A Global Nutrition report (2016) stated that every third person in the world is inflicted with malnutrition [32] . On this basis, a pre-clinical experiment proved that high protein and fructose diets damage the immune system and cause cancer [33] [34] [35] . In this section, we highlight why a weak immune system fails to protect the human body from developing cancer; we do this using a similar system to that presented in (1) and under the assumption that the person follows an unhealthy diet. For instance, the western-style diet which is characterized by a high consumption of proteins (especially high in processed and red meats), sugar, salt, and fat when compared to a healthy diet comprising an intake of fruits and vegetables [36] [37] [38] . Several studies showed that a high sugar and protein diet damages the immune system and promotes cancer [33, 34, 39] . Hence, In the IUNHD, the effects of an unhealthy diet are presented dynamically according to the rate of two parameters: µ and η. In this section, we analyze the model considering an example where the immune system is weak as a result of the person following an unhealthy diet.
Equilibrium Points:
The model has only two equilibrium points in the feasible region, when it is compared to the IHDM. These equilibrium points are represented as follows:
1. Primary response stage: In this stage, the immune system recognizes abnormal cells as foreign; this point is represented by u 1 = (0, σ δ ). This is a similar equilibrium point to that of the IHDM.
Coexistence stage: In this stage, the immune cells treat abnormal cells as normal cells; this point is
represented by
Remark 2.
Mathematically, both the recovery and the coexistence stages are the same, but their meaning in terms of physiology is totally different. The stage of recovery follows the interaction stage, which means that point p 3 represents the total of the population after the substitution of abnormal cells with normal cells. However, the point of u 2 in the IUNHDM may mathematically indicate the coexisting population of both normal cells and abnormal cells, as suggested by [20] ; this type of coexistence might trigger cancer [40] .
Remark 3. This model does not have an equilibrium point for the interaction stage; this means that one of the following is true:
• There was a response from the immune system but the immune cells did not become involved in the interaction because the immune system was weak, or; • The immune cells became involved in the interaction but failed to inhibit or eliminate the abnormal cells. Hence, this type of interaction damages the immune cells. In other words, the population of I → zero before inhibiting or eliminating the abnormal cells.
Stability of Equilibrium Points
1. Stability of primary response stage: Since this point is identical to the primary response stage for the IHDM, we use (3) to examine the stability of this stage for the IUNHDM.
Proposition 4.
The point which represents the primary response stage is the unstable node for the IUNHDM.
Proof. On the basis of the weakness of the immune system, we can hypothesize that η I<r, where I = σ δ . That means that the parameter of η failed to achieve its highest peak rate. Therefore, the eigenvalues of matrix (3) have a different sign. Accordingly, the equilibrium point u 1 is an unstable node.
Stability of coexistence stage:
This stage is considered to be a trigger for cancer because the immune cells die without inhibiting or eliminating the abnormal cells. This era of rapid development affecting our lifestyle, especially our dietary habits, is one of the main causes of abnormal cells progressing early into tumor cells. Since this is mathematically similar to the recovery point in the IHDM, the stability case is given by the following proposition:
Proposition 5. The point which represents the coexistence stage is stable.
Remark 4.
The phase portrait of the IUNHDM and its solutions around the equilibrium points is shown in Figures 4 and 5 . 
Numerical Simulation
Both the IHDM and the IUNHDM were simulated using Mathematica software with the built-in functionality NDSolve. The proposed system of ordinary differential equations can be solved with any standard numerical method. For this, we used an explicit Runge-Kutta with a difference order of four and a step size of 1/10,000. The reliability and accuracy of the proposed numerical method can be seen from the residual error which is shown in Figures 6-9 . The simulation of the IHDM and the IUNHDM indicated that the immune system response is affected by specific parameters, namely, ρ, m, η, and µ. These parameters are put as m = 0.4787, ρ = 0.2206, η = 0.8791, and µ = 0.6986 for the IHDM and m = 0.3389, ρ = 0.2710, η = 0.1379, and µ = 0.8130 for the IUNHMD. In addition, the immune system can respond to an emergency case if and only if the threshold rate achieves its peak, which is given by 0.478; it is reduced to 0.3389 in the IUNHDM. This reveals a weakness in the immune system. Furthermore, the impact of the interaction between the immune system and abnormal cells depends on the rate of two parameters: η and µ. By comparing both models, we can deduce that the immune system succeeded in performing its function if and only if the rate of parameter η > the rate of parameter µ.
The behavior of the cells in the IHDM and the IUNHDM are shown in Figures 10 and 11 , respectively. Furthermore, The numerical simulation revealed that in the IHDM, the immune system recognized abnormal cells as foreign bodies and started to inhibit or eliminate them within the first five days. In addition, the immune system put a copy of the abnormal cells in its memory, which helps it to eliminate them if they appear again or begin to progress. This is clearly seen as the population of immune cells returns to its initial value after the 10th day of interaction. Furthermore, the horizontal growth of normal cells indicates that normal cells divide and grow by following the signals of control cellular growth and death [5] . On the other hand, the response of the immune system and attitude of their cells were delayed in the IUNHDM. Hence, the immune cells failed to become involved in the interaction and reduced to zero, while the normal cells had a mutation which forced them to grow vertically, something which can lead to carcinoma [5, 40] . 
Conclusions
Alharbi and Rambely [26] formulated their model to examine the impact a modern lifestyle has on our health, as well as the impact of switching back from an unhealthy lifestyle to a healthy lifestyle. In this study, our model aims to understand the natural function of the immune system as regards protecting the human body from developing cancer where the progress of abnormal cells might trigger the appearance of tumor cells. Hence, the immune-healthy diet and immune-unhealthy diet models have been studied dynamically, analytically, and numerically. By comparing the results of the analysis and simulation of both the IHDM and IUNHDM, we suggested that there are three stages which act to stop abnormal cells from progressing into tumor cells. In the first stage, the immune system receives a signal which provokes it to recognize abnormal cells as foreign. Next, immune cells are activated to attack the abnormal cells. The results of this interaction lead to the inhibition or elimination of the abnormal cells. Finally, the immune cells typically die after the interaction stage, which indicates that the body is in the recovery stage. These processes were interrupted in the immune-unhealthy diet model, in which the interaction between the immune cells and abnormal cells failed to eliminate the abnormal cells and also led to a decrease in immune cells. Thereafter, the abnormal cells succeeded in coexisting with the normal cells; this type of coexistence might trigger cancer [5, 20, 22, 24, 26, 40] . On the basis of the analysis and simulation of the IHDM and the IUNHDM, we can infer that the process of elimination or inhibition of abnormal cells by the immune system is affected by two main parameters, namely, η and µ. When a person follows a healthy diet (correlating with the food pyramid), his/her immune system will be strong and able to recognize damaged cells, responding by repairing or eliminating them. By contrast, following an unhealthy diet leads to a weakened immune system, which harms its function. As a result, abnormal cells will stimulate a response from the immune system, encouraging it to increase the generation of immune cells. This stimulation increased when associated with the IUNHDM and decreased when associated with IHDM. In summary, symmetry and antisymmetry are basic characteristics in the understanding of the relationship between dietary patterns and the behavioral responses of the immune system when protecting the human body from developing diseases. The symmetry of the IHDM and IUNHDM can be seen when the immune system in both models responds to abnormal cells appearing in the tissue, as well as the responses in the recovery stage. The results also suggested some similarities in terms of the function of the immune system in both models, possibly affected by diet habits. Although the mathematical model that is proposed in this work contributes to understanding the general dynamics of pathogens, it is well-known that mathematical models cannot take all variables into account. For this reason, it is highly recommended to conduct clinical experiments to consider real cases in order to confirm the results of our mathematical model and to show more precise results. In the future, we will expand this work to study the dynamic effect of the growth of abnormal cells and their activity. In addition, we plan to apply our work to other pathogens. Funding: This research is funded by a grant from Universiti Kebangsaan Malaysia.
